I. INTRODUCTION
It was first shown by Rayleigh [I ] that the steady nondissipative flow of an incompressible fluid with circular streamlines between two concentric circular cylinders is stable with respect to axisymmetric disturbances if the square of circulation decreases nowhere in the radially outward direction. He found that this problem has a remarkable analogy with that of the stability of a density-stratified fluid at rest under gravity. Michael [2] extended this problem to the case of a perfectly conducting fluid with an electric current distribution parallel to the axis of the cylinders. He observed that in the presence of axisymmetric disturbances, Rayleigh's analogy still holds and the magnetic field due to the current has an effect similar to that of the basic velocity. Exploiting this analogy, Howard and Gupta [3] studied the stability of steady nondissipative helical flow of a conducting fluid permeated by an axial volume current. It is shown that such a flow consisting of an azimuthal and an axial component of velocity would be stable with respect to axisymmetric disturbances if a suitable Richardson number based on the azimu!hal component of the velocity, the circular magnetic lield due to the current distribution and the shear in the axial flow exceeds $ everywhere in the flow. Agrawal [4] derived a sufficient condition for stability of the steady nondissipativc helical flow of a conducting fluid permeated by an axial volume current and a uniform axial magnetic field for axisymmetric disturbances.
Not much progress, however, has been made in the study of stability of 26 magnetohydrodynamic (MHD) helical flows subject to nonaxisymmetric disturbances.
In the hydrodynamic case, the importance of the study of stability of a helical flow subject to nonaxisymmetric disturbances was emphasized by Pedley [S] , who observed that flow in a rigidly rotating pipe with a superposed Poiseuille flow becomes unstable with respect to helical perturbations in the limit of very rapid rotation. Although stability of some specific MHD flows was studied in the presence of these disturbances (Chandrasekhar [6] ), very few general stability criteria for nondissipative MHD flows have been derived. Acheson [7] showed that if the undisturbed motion is one of rigid rotation between two concentric cylinders permeated by either an azimuthal or an axial magnetic field, then a nonaxisymmetric unstable mode must propagate against the basic rotation. This important property, which is found to be remarkably insensitive to variations in both magnitude and direction of the imposed field, has a bearing on the theory of geomagnetic secular variation (Hide [8] ). Acheson [9] also derived a quadrant theorem to localize the complex wave speed for an unstable mode for the restricted class of slow-amplifying waves, when the undisturbed state is one of pure rigid rotation in the presence of an azimuthal magnetic held.
The object of this paper is to investigate the stability of a steady nondissipative MHD helical flow with velocity components (0, 132(r), W(r)) of an incompressible fluid permeated by a helical magnetic field (0, H,,(r),
where the components arc along (r. H, Z) directions in a cylindrical coordinate system. Nonaxisymmctric disturbances to this flow generally twist the magnetic lines of force and produce an intimate coupling between rotational (arising out of swirl component d(r) ) and hydromagnetic effects that prevent the latter from being masked however small the magnetic field. On the other hand axisymmctric disturbances only bend but do not twist the lines of force and when the swirl velocity is large the hydromagnctic effects become small compared with those due to the swirl. These considerations provide the motivation for studying the stability with respect to nonaxisymmetric disturbances of MHD helical flow which is likely to be of importance in problems of controlled thermonuclear rcaction. Here a basic motion may either stabilize or destabilize the system (Frieman and Rotenberg [IO] ). It may be noted that the presence of a velocity field in the basic state may lead to the phenomenon of overstability. This is reflected in the appearance of non-Hermitian operators in the stability analysis. This implies that the energy principle formalism derived by Bernstein et (11. [I I ] in MHD for a basic state with no motion ceases to hold in the present study. However, by using a theorem due to Barston [ 123 we derive several general results on the stability of nondissipative MHD helical flow.
STABILITY OF MHD HELICAL FLOW
We study the linear stability of the steady flow of an inviscid, incompressible and perfectly conducting fluid between two concentric cylinders of radii a and h (a < h) as mentioned above. The perturbed state of the flow is described by [u,, r.Q(r) + u,,, W(r) + U.-l and [II,, H,,(r) + h,,, H,(r) + h,].
We look for solutions for the perturbations whose t -8 -z dependence is of the form exp[i(tuI -mfl-k:)], where (IJ is in general a complex number, m is an integer and k is any real number. Since the present system is nondissipative, (O is real for stability and (I)? (the imaginary part of w) #O implies instability.
The linearized perturbation equations are in usual notations (Chandrasckhar [6] ): 
Here p is the magnetic permeability and a,(r) may be regarded as Dopplershifted frequency. This is the frequency measured by an observer rotating with the local angular velocity of the fluid and travelling in the z-direction with the local axial velocity. The assumption of a perfectly conducting fluid (i.e., infinite electrical conductivity) is valid for large values of the magnetic Reynolds number Rm = FLOP (Cowling [ 131) . where c', L and CJ denote a characteristic velocity, a characteristic length (which may be taken as h -u in the present study) and electrical conductivity, respectively. This condition is easily satisfied in problems of geomagnetic scalar variation involving large length scale L as well as in problems of controlled thermonuclear reaction where G is large. WC have ignored viscosity as its inclusion will only complicate the analysis and add nothing of physical interest to the magnetic instability we will discuss.
We now introduce Lagrangian displacement vectors <(rr, <,,, 5,) defined bY
11,, = m,c,, -rgr -, : dW dl lI,=r(T,:r-Cr-. dr (8) Equations (4). (6) give (10)
Substitution of (8) Further (7) and (8) 
Clearly the induced magnetic field h with components (A,, /lo, h,) given by (9) .-( I I ) satisfies V. h = 0 by virtue of ( 15) . The boundary conditions U, = 0 at r = a and r = h become on using (8) 5,(u) = i',(h) = 0.
These conditions are consistent with the assumption of rigid perfectly conducting walls at r = a and h. Equations (12).
- ( 16) constitute the basic equations of the stability analysis.
CIRCLE THEOREMS
Let E be the function space consisting of the set of all complex-valued 3-vectors (with the superscript T denoting transpose) < = [5,(r), tn(r), tAr)lT (17) such that each of the components (appearing in (12b( 16)) is a continuous function of r on the closed interval [u, b] . For every 5 and r] in E, we define the inner product where [, is the complex conjugate of l,. With the usual definitions of vector addition and multiplication by complex numbers, E turns out to be a complex inner product space. With respect to the metric induced by the inner product (18), this space can be completed to form a Hilbert space. Let A be the subspace of E consisting of all vectors { in E such that rl(r) is continuously differentiable on [a, h] and (15) and (16) 
Note that the operators P, iA and H are independent of o. Clearly any solution 5 belongs to the subspace A and hence Let E be u comp1e.u inner product space with inner product (,). Let P, iA and H be se&a~oint To apply the results of the above theorem to our problem the operators B, H, and fl have to be constructed from P, iA and H defined by (19 
where I is the unit matrix of order 3. After a lengthy calculation, the roots of (29) are found as
It can bc seen that i., is the largest of the three eigenvalues. Using the definition of 6(r) in the previous theorem. one can now show that for any real number x.
Using (20) 
Here the smallest eigenvalue is either I, or Aj. Hence, using the definition of o2 in Theorem 1 (iv), we have (41) Further from the definitions of pi and A4 in Theorem 1 (ii), it follows that
Thus we conclude from Theorem 1 (iv) that every complex eigenvalue w for an unstable mode lies within the circle with center ((p, + M)/2,0) and radius [(~)(M-P,)~-c~]"*, where CT~ is given by (41). It also follows from Theorem 1 (ii) that pc, dRe(w)<M, (44) which establishes bounds on Re(o), which is the phase speed of a disturbance.
DISCUSSION
From the above circle theorems we derive several stability criteria for MHD flows subject to nonaxisymmetric disturbances (m # 0). *. Hence a purely axial flow W(r) of a conducting fluid permeated by a uniform axial magnetic field is stable for all disturbances (both m = 0 and M # 0) if the Alfven speed based on the axial field exceeds half the maximum velocity difference. Thus an axial magnetic field exerts a strong stabilizing influence not only for axisymmetric disturbances (m =0) which cause only the bending of the magnetic lines of force but also for m # 0, which lead to twisting of the lines. Physically one would expect that in the absence of magnetic diffusion, the more the lines of force are twisted with increase in I~?I(, the greater is the stabilizing influence due to increase in the restoring force of the "equivalent elastic strings." However. as we shall see later, this sort of argument dots not necessarily hold when the basic magnetic field is azimuthal with components (0, H,,(r), 0) due to the possibility of a new mechanism of instability when d( H,,;,)'/cir > 0 somewhere in the flow.
(ii) It can be seen from (20), (37) and (38) The dependence of R on the wavenumbers m and k would tend to make the result appear to be of little use. However, certain interesting conclusions can be drawn from (45).
It may be seen that any given mode of disturbance (with k # 0) can be completely stabilized by a sufficiently large axial magnetic field. This is plausible on physical grounds since an axial field is stabilizing and a twodimensional perturbation (k = 0) remains unaffected by such a field as it does not cause stretching of the magnetic lines of force. Evidently from (45), R is imaginary when Q(r) =constant. Thus a rigid rotation in the presence of an axial magnetic field H,(r) is stable for all disturbances. It may be noted that the radial variation in the axial magnetic field H, in a rotating fluid can be sustained since the centrifugal force is balanced by the radial gradient of the magnetic pressure. The fact that a rigid rotation with an axial field H,(r) is stable for nonaxisymmetric disturbances apparently contradicts the result of Acheson [7] , who showed that nonaxisymmetric unstable modes in a rigidly rotating flow with an axial field H,(r) propagate against the basic rotation. That the contradiction is only apparent follows from the fact that Acheson nowhere showed that the above flow becomes unstable but only demonstrated the westward propagation of nonaxisymmetric unstable disturbances if they exist at all. Our analysis reveals that the question of westward propagation of such disturbances does not arise since the flow is stable. Further, from (45) it can be seen that R becomes imaginary if m =0 and d(Q2)/dr > 0. Thus the Couette flow of a conducting fluid permeated by an axial magnetic field H,(r) is stable for axisymmetric disturbances if d(Q')/dr>O in the flow. A similar result when the axial magnetic field is uniform was derived by Velikhov [IS] . The apparent paradox that the above criterion is independent of the axial magnetic field and does not reduce to Rayleigh criterion in the limit when this field vanishes was resolved by Velikhov by invoking dissipative effects.
(iv) For rigid rotation ( W z 0, Q = constant) with H, z 0 Eqs. (20) and (37) give c = d and (35) leads to f < 0 if Irnj 3 2 and d( H,lr)2/dr GO everywhere. Thus using circle theorem, we may say that a rigid rotation permeated by an azimuthal magnetic field H,(r) is stable for all nonaxisymmetric disturbances satisfying lrnl > 2 if d( H"/r)'/dr 6 0 everywhere. Acheson [7] arrived at a similar criterion for stability by a local stability analysis, i.c., by investigating stability of disturbances with radial wavelengths which are small compared with the natural length scale associated with the spatial variations in the magnetic field. For deriving the above stability criterion, he further assumed that Q*>> [pH$r)/pr"],-,,.,, where r. is the radius at which the local stability analysis is used. Our analysis, however, removes these restrictive assumptions.
It can further be seen from (20) derived by Howard and Gupta [3] for the stability of the same flow with m = 0.
We also note from (35) that when H, ~0 and Q =constant, the destabilizing influence of the magnetic field gradient such that d(H,/r)'/ dr > 0 somewhere in the flow is counteracted by the stabilizing influence of the field HH(r) itself with increase in ]m(. In fact the possibility of propagation of unstable nonaxisymmetric disturbances (Irnl > 2) in a rigidly rotating fluid as slow hydromagnetic inertial waves when d(H,,jr)'/ dr > 0 somewhere in the flow was pointed out by Acheson [7] .
The sinuous mode of instability lntl = 1 is, however, a little intriguing. In this case for a rigidly rotating fluid with H,)(r) (which is the source of instability), Eqs. (20), (35) (37) and (38) give R= f"j2 with Thus for H,,(r) 8 0, R is always positive. While this does not necessarily imply instability, we can say that in a rigidly rotating fluid permeated by an azimuthal magnetic field H,,(r), the complex eigenfrequency for an unstable sinuous perturbation (if there be any) must lie within a circle of radius f' " where I' is given by (46).
(v) Inspection of (42)-(44) leads to the conclusion that the phase speed for any disturbance lies between two bounds which depend on the basic velocity distribution but not on the basic magnetic field. This, of course, does not necessarily mean that the phase speed is independent of the magnetic field. An interesting by-product of the inequality (44) can be seen by assuming Sz =O and W= 0. In this case (20), (42) and (43) give p, = M = 0 so that Rc(o) = 0. Thus in the absence of any basic motion, no unstable mode can propagate in the system.
